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ABSTRACT

This paper presents a numerical process for
determination of optimal flight paths for competition
soaring. The issue is reduction of flight time in order to soar
towards an ascending thermal and climb, through thermal
flying, to the initial altitude. The optimization procedure
consists in the application of a Direct Method in order to
obtain suboptimal solutions through parameterization of
state variables, unlike a previous study by the same authors
which was based on control parameterization. A
mathematical programming procedure is used in order to
determine the sub-optimal values for the parameterized
state variables. The optimal control law, which is necessary
for the generation of the sub-optimal state, is obtained
through a step by step penalty technique. The obtained
results demonstrate that the optimization of transitory
phases is important for the minimization of total flight time.

INTRODUCTION

The classic problem of competition sailplane flight
trajectory (Figure 1) consists in minimizing the time spent
by the sailplane to flying between two thermals (A-B) and
climb to the initial altitude (B-C) (Weinholtz, 1967;
Reichamnn, 1978, 1980).

The classic solution for this problem, presented in 1952
by the North-American Engineer Paul MacCready, is based
on an equilibrium analysis which doesn’t take into account
the transitory effects during the trajectory. Other authors
(Vanderbei, 2000; Goto and Kawabe, 1994,1999;
Dickmanns, 1981; De Jong, 1981; Pierson and De Jong,
1978) presented studies using dynamic models which take
into account the transitory effects of the problem, however,
their models were simplified.

Recently, preliminary results were presented regarding
optimization of a sailplane flight path, based on a dynamic
model for symmetric flight, without analysis of climbing
flight (Iscold and Pinto, 2003).
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Figure 1- Classic sailplane trajectory optimization
problem

This paper, a continuation of the study presented by
Iscold and Pinto (2003), shows the approach of the entire
problem, taking into consideration: i) the acceleration phase
as the sailplane leaves the thermal (pitch down); ii) the
deceleration phase when the sailplane enters the thermal
(pitch up) and iii) the phase of climbing within the thermal.

Optimization is reached through parameterization of
state, unlike the previous paper of these authors which was
based on control parameterization.

THE PROBLEM, INCLUDING TRANSITORY AND
CLIMBING PHASES

The complete problem to be analyzed in this paper can
be presented as seen in Figure 2. According to this figure,
the optimization process can be written as:

min{t,g +tse +tep +1oc | (1)
subject to:

V <VNE;

n, <( . (2)
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Figure 2 — Sailplane trajectory optimization problem
with transitory and climbing phases

The three first terms on equation (1) represent,
respectively, time spent during the steps acceleration,
soaring, and deceleration. The fourth term represents the
time spent in climbing phase.

The inequality constraints represent the upper
operational limit of sailplane velocity (VNE), the vertical
weight limit (n, ) and the imposition that the initial altitude

of the sailplane (h) be greater than the largest altitude loss.
DYNAMIC MODEL

The dynamic model used in this paper is the same one
presented by Iscold and Pinto (2003), modified by the

addition of simplified equations to represent the dynamic of
the turning flight of the sailplane (Thomas, 1999).

As in Iscold and Pinto, 2003, the state variables are:
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Notice that the previous equations included simplified
equations for circular movement with small angular
acceleration, which allows the analysis of thermal climb
flight.

OPTIMAL CONTROL PROBLEM SOLUTION
In order to solve the optimization problem, it is assumed

that the flight path is composed by the following phases
(Figure 3):



i) Starting from the climb flight velocity in the thermal
(V. ), the sailplane must accelerate until to reach the

velocity (V). This flight phase involves a pitch down
acceleration of the aircraft;

ii) Once the velocity (V ), is reached, the sailplane
must fly in straight flight (soaring), in other words,
with constant velocity;

iii) Once soaring is through, the sailplane must
decelerate (pitch up) until it reaches, once again, the
climb flight velocity within the thermal (V. ).

iv) Until the entire lost altitude during the trajectory is
regained, the sailplane must maintain climb flight
within the thermal with a constant velocity (V. ).
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Figure 3 — Typical velocity profile

For parameterization, it is assumed that the velocity
evolution during the acceleration (ﬁ) and deceleration
(E ) will occur according to cubic polynomials.

The cubic interpolations are performed by cubic
Hermite polynomials. Then, the coefficients to be
determined represent the velocity and the respective

derivative values in the beginning and in the end of each
phase (Figure 4).

Pinto (1982) presents an approximation of the third
degree using Hermite polynomials as:

V(&) =N,y (&) + N, (&) + Ny (£) By + N, (£) B, (5)

where:

N, (&) =2£-3£2 +1 6)
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where:
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Figure 4 — Hermite polynomial parameters

BANK ANGLE

As mentioned earlier, the dynamic model adopted
contemplates, in a simplified manner, the sailplane flying in
curve, which depends of the bank angle (¢ ). Therefore, it is

necessary to determine a variation law for bank angle
during the acceleration and deceleration phases.
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Figure 5 — Typical bank angle profile

In the present paper, a liner evolution of the bank angle
is adopted, as shown in Figure 5. This profile introduces
rolling velocities which are compatible with maneuver
capabilities of typical sailplanes.



ELEVATOR DEFLECTION LAW

The elevator deflection law must be obtained along the
numerical integration, step by step, as the one that
minimizes the difference between the sailplane’s flight
velocity and a pre-established velocity.

Also, it is important to “teach” the numerical integrator
the direction of the velocity variables. This is possible by
adding to the objective function a term that corresponds to
the condition of tangency to the flight trajectory.

Therefore, for each integration step, it is necessary to
find the elevator angle (7 ) which minimizes the function:

I()=k[V(n) V] +k[V@m)-VT @5

where V and V' denote, respectively, the sailplane
flight velocity and its derivative with respect to the state
variable x,, while V' and V' denote the respective pre-

determined values.

The constants k, and k, represent weights which must
be chosen appropriately. For this paper, was successfully
adopted:

k =k, =1 (16)

Notice that optimal elevator angle (#) can be found

through a unidirectional search method. For this paper a
procedure based on the Golden Section Method was chosen
(Luenberger, 1984).

OPTIMIZATION OF FLIGHT TRAJECTORY
When the velocity profile shown in Figure 3 is adopted,

one will have, initially, the following parameters to be
optimized:

i)  The flight velocity during the climbing (V. );

ii)  Soaring velocity (V );

iii) Acceleration distance ( X, );

iv) Decelaration distance (X,);

v) The velocity derivatives in the cubic extremes

(VO 7V1 ’VZ ’V3 )

However, in order to smoothen velocity profiles, it was

imposed that V, =V, =V, =V, =0.

In addition, the optimal flight velocity during climb
flight (V.) can be determined separately through a

statistical analysis of the thermal rising flight problem
(Thomas, 1999). Therefore, during the optimization
procedure, this velocity is determined a priori.

Therefore, three remaining optimization variables (V ,
X, and X,) were determined through a mathematical

programming algorithm.

This problem has been shown to be stable and easier
than it seems, once, as shown through experiments, optimal
V, X, and X, can be determined almost independently.

RESULTS

This procedure was applied for the optimization of the
trajectory of a PIK-20-B sailplane with a wing load of
31.2kgf/m? (Johnson 1978, Pinto et all, 1999), with the
distance between thermals (X, ) ranging from 2000m to

16000m and thermal intensity (1T ) of 2m/s and 5m/s. The
thermal profile adopted was:

vy :I—T[Hcos(ﬂ) 17)

2 R

where R denotes the radius of the thermal
(R =250mwas adopted).

Table 1 and Table 2 present the optimal results obtained
for the thermal intensities of 2m/s and 5m/s, respectively.

Table 1 — Optimal results for IT =2m/s

Xo[m] Xq[m] V[m/s] t[sec]

2000 100 300 30.12 171
4000 100 300 30.54 317
8000 100 300 30.62 610
16000 100 300 30.55 1194

Table 2 — Optimal results for IT =5m/s

Xo[m] Xq[m] V[m/s] t[sec]

2000 125 300 38.86 93
4000 125 300 39.84 171
8000 125 300 40.08 327
16000 125 300 40.18 638

Table 3 — Comparison between optimal and usual times

IT =2m/s
topt[SeC] tmc[sec] A[sec] A[%]
2000 164 171 -7 -4.2
4000 303 317 -15 -4.9
8000 596 610 -13 -2.2
16000 1184 1194 -10 -0.8

Table 4 — Comparison between optimal and usual times

IT=5m/s
topsec]]  tuc[sec] A[sec] A[%]
2000 90 93 -4 -4.0
4000 165 171 -7 -4.1
8000 320 327 -6 -2.0

16000 632 638 -6 -0.9




Figure 6 shows a typical trajectory (distance between
thermals of 2000m and thermal intensity of 5m/s) obtained
through the optimization procedure, where one can observe

the optimal trajectory and the respective curves of: flight
velocity, elevator deflection, load factor and mechanical
energy (potential and kinetic) of the aircraft.

Figure 6 — Typical optimal trajectory — X;=2000m e IT=5m/s

ANALISIS OF THE RESULTS

Notice (Table 1 and Table 2) that the optimal distances
of acceleration and deceleration are not very sensitive to the
variation in distance between thermals. The optimal
deceleration distance, in particular, does not vary also in
relation to thermal intensity. This translates into the fact
that, in practical terms, the acceleration and deceleration
can be optimized separately.

Through Table 3 and Table 4 it is clear that the relative
gain obtained with the proposed optimization procedure are
greater for smaller distances between thermals. Indeed, the
greater the distance between thermals, the smaller the
relative participation of the transitory phases (acceleration
and deceleration).

It is interesting to observe, in Figure 6 that, for an
optimal acceleration, the sailplane must gain some altitude
in the beginning of the flight, reducing total altitude gain
during the acceleration phase.

Also in Figure 6 it is shown that the load factor values
associated to acceleration and deceleration maneuvers are
within the sailplane operation limits, but are atypical if
compared with usual values observed in such maneuvers.

Figure 7 shows a comparison between the optimal
velocities obtained: i) through the proposed procedure and
ii) through the two different interpretations of the Mac
Cready theory. The different interpretations of the Mac
Cready theory refer to the determination of the average
velocity of climb flight. In the traditional interpretation of
the Mac Cready theory, average climb velocity in thermals
is the ratio between lost altitude until the beginning of the

deceleration phase and time spent between this point and
the end of the climb. The second interpretation considers as
average velocity the climb velocity inside the thermal

(Vi ).

Figure 7 — Optimal soaring velocities

One can observe that the difference between the soaring
velocities obtained numerically and those obtained with the
Mac Cready theories are greater the smaller the distance
between thermals or the greater the intensity of the thermal.
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Figure 8 — Optimal flight time

Finally, Figure 8 shows a comparison between flight
times using the three velocities presented in Figure 7, with
X, and X, optimized. Notice that, although the velocity

differences are significant, flight time differences are
imperceptible. This suggests that the time saved for flight,
as observed in Table 3 and Table 4 are owed almost
exclusively to optimization of the acceleration and
deceleration phases.

CONCLUSION

The optimization of competition sailplane flight
trajectory was presented, including the acceleration and
deceleration phases.

The obtained results, based on state parameterization,
were compared to those of the Mac Cready theory and the
usual acceleration and deceleration maneuvers. The
advantages of the numerical procedure were significant,
indicating that the practical considerations it takes into
account are important.

Comparative results indicate that the optimal time is not
very sensitive to small variations in soaring velocity. This
suggests that the indications proposed by the Mac Cready
theory can continue to be used with little significant
compromise to flight time, however, attention should be
given to optimization of the phases of acceleration and
deceleration.
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